On the existence of critically n-connected graphs by Gliviak, Ferdinand
Mathematica Slovaca
Ferdinand Gliviak
On the existence of critically n-connected graphs
Mathematica Slovaca, Vol. 26 (1976), No. 1, 53--56
Persistent URL: http://dml.cz/dmlcz/129212
Terms of use:
© Mathematical Institute of the Slovak Academy of Sciences, 1976
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.
This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz
Math. Slov., 26, 1976, No. 1, 53—56 
ON THE EXISTENCE 
OF CRITICALLY n-CONNECTED GRAPHS 
FERDINAND GLIVIAK 
This paper deals with undirected, directed and mixed graphs, too. All 
graphs will be finite, without loops and multiple edges. The vertex-connectivity 
and the edge-connectivity of directed or mixed graphs will be used in the 
sense of the strong connectivity. 
Let G be a graph. Then we denote by V(G) the vertex set of G, by E(G) 
the edge set of G, by K(G) the vertex-connectivity of G, by X(G) the edge-
connectivity of G and by \A\ the cardinality of a set A. Let u e V(G). If G 
is undirected, then NQ(U) denotes the set of vertices adjacent to u in G. If G is 
directed, then OQ(U) denotes the set of vertices adjacent to u by an edge going 
from u and IG(U) denotes the set of vertices adjacent to u by an edge going to u. 
The definitions of the notions not presented here can be found in [8], 
A graph G is called K-edge-critical, if K(G — x) < K(G) for every edge x of G 
K-vertex-critical, if K(G — v) < K(G) for every vertex v of G. Analogously one 
can define X-edge-critical and X-vertex-critical graphs. 
One can see that every regular undirected graph of degree n > 2 and vertex -
connectivity n is ^-edge, ^-vertex, A-edge and X-vertex critical. Analogously 
it can be verified that every directed regular graph of indegree and outdegree 
n > 2, vertex-connectivity and edge-connectivity n is K-edge, ^-vertex, 
A-edge and .4-vertex critical. These four classes of critical undirected or directed 
graphs were studied in many papers, e. g. [1], [2], [4—7], [9—15]. We shall 
prove the following theorem on the existence of critical graphs. 
Theorem 1. Let n > p > 1 be given integers. To every undirected (directed) 
graph G with p vertices there exists an undirected (directed) graph of edge-(strong) 
connectivity and vertex-(strong) connectivity n that is K-edge} K-vertex, X-edge 
and X-vertex critical and contains G as an induced subgraph. l 
The proof of Theorem 1 follows immediately from the following two lemmas. 
Lemma 1. To every undirected graph G with p vertices there exists an un-
directed, regular graph of degree n, vertex-connectivity an$L edge-connectivity n con-
taining G as an induced subgraph, where n > p > 1 are given integers. 
5.3 
Len?m^ 2. To every directed guhph G with p vertices there exists a directed 
graph of indegree and outdegree n, vertex-strong-connectivity and edge-strong 
connectivity n containing G as an induced subgraph, where n > p 1 are given 
integers. 
P r o o f of L e m m a 1. Let G be an undirected graph with p ^ 1 vertices 
and let n > p. Let Gi be the graph that arises from G by adding n V(G) 
isolated vertices. Thus |V(Cri)| = n. Let G[ be a copy of the graph C7j and 
let u' be the vertex corresponding to a vertex u of G\. Let Q be a graph with 
the vertex set V(Q) = V(Gi) U V(G[) and the edge set E(Q) consisting of the 
sets E(Gi), E(G[) and moreover every vertex u oi C7] is joined to any ver-
tex x 6 V(G\) — NG,^(u') by an unoriented edge (u, x). 
From the described construction it follows that Q is d regular graph of 
degree n containing G as an induced sulgraph. Now we prove that x(Q) n 
by finding n paths not having inner vertices in common that join any two 
vertices of Q (see [8], p. 48). 
Let a, b be different vertices of G^ and let a', b' e V(G[) be their copies. 
Let us put M0 = NGl(a) n NGl(b), Mx = NGi(a) - (M0 U {b}), M2 = NGl(b) 
— (310 U {a}), M3 = V(G{) — (M0 U M\ U M2 U {a, b}). The vertices a and b 
are joined by the following n paths not having inner vertices in common: 
(a, x, b) for every x e M0; (a, x, x', b) for every x E MI; (b, x, x , a) for every 
x G M2; (a, x', b) for every x e Ms and finally either the paths (a, b), (a, a', b
f, b) 
if (a, b) sE(Q) or the paths (a, a', b), (a, b', b) if (a, b)$E(Q). 
The vertices a and b' are joined by the following n paths not having inner 
vertices in common: 
(a, x, x', b') for every x e M0; (a, x, b') for every x e M\; (a, x', b') for every 
x e If2; (®, %', %, b') for every x e M% and finally if (a, b) eE(Q), then the 
paths (a, b, b'), (a, a', b') and if (a, b) $ E(Q), then the paths (a, b'), (a, a', b, b'). 
One can find n paths not having inner vertices in common that join the vertices 
a' and b' or the vertices a and a'. Thus we have x(Q) = n, hence the equality 
2(Q) = n follows by the well-known inequalities x(Q) < X(Q) < n, where n is 
the minimum degree of Q, (see [8]). Lemma 1 follows. 
P r o o f of L e m m a 2. Let n > p > 1 be given integers. Let G be a graph 
with p vertices. Let C7] be the graph arisen from G by adding n — V(G) 
isolated vertices to G. Let G[ be a copy of C7i and let u' be the vertex cor-
responding to the vertex u of G±. Let Q be a graph with the vertex set V(#) 
= V(C7i) U V(G[) and the edge set E(Q) = E(G{) U E(G[) U A U B, where 
A is the set of directed edges outgoing from any vertex u of G\ to a vertex 
x e V(G[) — 0G'±(u') and B is the set of directed edges outgoing from an\
r 
vertex v' of G[ to a vertex x e V(Gi) — 0Gi(v). 
Directly from the construction it follows that Q is a regular directed graph 
of indegree and outdegree n containing G as an induced subgraph. We shall 
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prove that x(Q) = n by finding n oriented paths not having inner vertices 
in common that join any ordered pair of vertices of Q. 
Let a, b be different vertices of 6?i and let a', V e V(G[) be their copies. Let 
us put M0 = 0Gl(a) n IGl(b), Mi = 0Gl(a) - (M0 U {b}), M2 = IGl(b) -
- (M0 U {a}), Ms = V{Qi) - (M0 U Mi U M2 U {a, b}). The following n di­
rected paths not having inner vertices in common join the vertex a with the 
vertex b in Q: 
(a, x, b) for every x e M0; (a, x, x , b) for every x e M±; (a, x', x, b) for every 
x E M2; (a, x', b) for every x e iII3 and finally either the paths (t , b), (a, a', b', b) 
if fab) e E(Q) or the paths (a, b', b) and (a, a', b) if fab) $ E(Q). 
The vertices a and b' are joined by the following n directed paths not having 
inner vertices in common: (a, x, x , b') for every x e M0; (a, x, b') for every 
x e Mi; (a. x', b') for every x e M2; (a, x', x, b') for every x e M3 and firally 
if fab)eE(Q), then the paths (c,b,b'), (a,a',V) and if (a,~b)$E(Q), then 
the paths (a, b'), (a, a', b, b'). One can find n directed paths not having inner 
vertices in common that join the pair of vertices [a, a'] or [a', a] or [a', b'] 
or [b', a] analogously as in the previous cases. Thus we have x(Q) = n. I t 
follows that X(Q) = n by the inequalities x(Q) < X(Q) < min (n±, n2), where n\ 
and n2 are the minimum indegree and the minimum outdegree of Q, respec­
tively. The inequalities mentioned above can be proved for strong-connectivity 
similarly as the same inequalities for undirected graphs (see [8], p . 43). This 
completes the proof. 
Corollary 1. Let n > p > 1 be given integers. To every mixed graph G with p 
vertices there exists a mixed graph of edge-strong-connectivity and vertex-strong-
connectivity n that is x-edge, x-vertex, X-edge and X-vertex critical and contains G 
as an induced subgraph. 
P r o o f . Let G be a mixed graph having p vertices. Let n>p. Let O* be 
the graph arisen from G by replacing every its undirected edge by the 
pair of directed edges with opposite orientation. Let Q* be the directed graph 
constructed to C7* and the integer n by Lemma 2. If we replace every pair 
of opposite oriented edges of Q* by an undirected edge, then we get a graph Q 
Avith the desired properties, which can be verified analogously as in Lemma 2. 
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